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Abstract
Consider a distribution of pebbles on the vertices of a graph G. A pebbling move consists of the removal of two pebbles from a
vertex and then placing one pebble at an adjacent vertex. The optimal pebbling number of G, denoted fopt(G), is the least number
of pebbles, such that for some distribution of fopt(G) pebbles, a pebble can be moved to any vertex of G.
We give sharp lower and upper bounds for fopt(G) for G of diameter d. For graphs of diameter two (respectively, three) we
characterize the classes of graphs having fopt(G) equal to a value between 2 and 4 (respectively, between 3 and 8).
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction
Throughout this paper, G will denote a simple, connected graph on n vertices. The vertex set of G will be denoted by
V . Suppose a certain number of pebbles are distributed onto the vertices of G. A pebbling move consists of the removal
of two pebbles from a vertex and then placing one pebble at an adjacent vertex. We say that a vertex v is pebbleable
if v already has a pebble, or a sequence of pebbling moves results in a distribution with a pebble at v. The graph G is
said to be pebbleable if every vertex in V is pebbleable.
The optimal pebbling number of a graph G, denoted fopt(G), is the smallest number of pebbles such that for
some distribution of fopt(G) pebbles, G is pebbleable. We show that 2fopt(G)4 when G is of diameter two and
characterize the graphs having fopt(G) equal to two, three or four. We also show that 3fopt(G)8 when G is of
diameter three. Furthermore, we give characterizations and examples of graphs having each of these optimal pebbling
numbers. In addition we give sharp lower and upper bounds for fopt(G) for graphs of diameter d.
The pebbling number of a graph was ﬁrst introduced by Chung [2] and the optimal pebbling number was ﬁrst con-
sidered by Pachter et al. [4]. A survey of results in graph pebbling and optimal pebbling can be found in [3,6],
respectively. We will use the following graph theoretic terminology. For additional background in graph theory
see [5].
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Deﬁnition 1.1. Let G(V,E) be a simple, connected graph and u, v ∈ V :
• Pn= a path of length n on n + 1 vertices.
• d(u, v)= the distance from u to v, the length of a shortest path from u to v.
• e(v)= the eccentricity of v, the farthest distance from v to any other vertex of G.
• N(v) = {u : u = v and uv is an edge in E}, the open neighborhood of v.
• N [v] = N(v) ∪ {v}, the closed neighborhood of v.
• D2[v] = {u : d(u, v)2}, the disk of radius 2 and center v.
• N [uv] = {w : w ∈ V and w is adjacent to either u or v}, the closed neighborhood of an edge.
• A subset S ⊆ V is a dominating set of G if every vertex outside S has a neighbor in S, i.e. N [S] = V .
2. Bounds for fopt(G)
In ﬁnding the optimal pebbling number of a graph G, the following lemma reduces the number of distributions that
must be considered in order for G to be pebbleable.
Lemma 2.1 ([1]). If G is a path that has at least three vertices, then there is a distribution of fopt(G) pebbles that
has at most two pebbles on every vertex of degree two and no pebbles on a leaf such that G is pebbleable.





3d + 1 if d ≡ 0 (mod 3),
2
3 (d + 2) if d ≡ 1 (mod 3),
2
3 (d + 1) if d ≡ 2 (mod 3).
Moreover, these bounds are sharp if G is a path of length d.
Proof. If G is a graph of diameter d on n vertices then it contains a path of length d on d + 1n vertices. To ﬁnd a
lower bound for fopt(G) consider a path P of length d on d + 1 vertices. It is clear that fopt(G)fopt(P ) for such a
path P . To ﬁnd fopt(P ), using Lemma 2.1, it is enough to partition P into subpaths on three vertices with possibly one
or two vertices left over. Placing two pebbles at the middle vertex of each of these subpaths, pebbles all but the one or
two left over vertices. If one vertex is left over, without loss of generality, we may assume it is a leaf and place a pebble
on the vertex adjacent to it. If two vertices are left over, then without loss of generality we may assume one of them is
a leaf and the other is the vertex adjacent to the leaf, and place two pebbles at that adjacent vertex. Therefore,
Case 1: If 3|d, then one vertex is left over and fopt(P ) = 23 d + 1.
Case 2: If 3|(d − 1), then two vertices are left over and fopt(P ) = 23 (d − 1) + 2 = 23 (d + 2).
Case 3: If 3|(d + 1), then fopt(P ) = 23 (d + 1)
This proves the theorem. 
If G is a graph of diameter d , then G is pebbleable by placing 2d pebbles on any vertex of G. Thus, fopt(G)2d .
The following theorem shows that this bound is sharp for every value of d.
Theorem 2.3. For each natural number d , there exists a graph G of diameter d such that fopt(G) = 2d .
Proof. When d =1, if we take G=K3, the complete graph on three vertices, then fopt(K3)=2.We give a construction
for G using induction on d . Assume that there is a graph G of diameter d such that fopt(G) = 2d .
To construct a graph H of diameter d + 1, we take 2d + 1 copies of G. Label these copies as G1,G2, . . . ,G2d+1
and take V (H)=⋃2d+1i=1 V (Gi). In addition to the edges of Gi , 1 i2d + 1, join each vertex of Gi to its isomorphic
image in Gj , 1 i, j2d + 1, i = j . This new graph is denoted H .
To showH has diameter d+1, consider two vertices x and y inH . If they are in the same copy ofG then d(x, y)d,
by assumption. If x ∈ Gi and y ∈ Gj for i = j , then x is joined by an edge to its isomorphic image x∗ in Gj and
d(x, y) = d(x, x∗) + d(x∗, y)d + 1. Since G has diameter d, there is a path of length d in G and a path of length
d + 1 in H . Hence H has diameter d + 1.
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To prove fopt(H) = 2d+1 we consider two cases:
Case 1: Suppose in an optimal pebbling distribution of H , a copy of G, say G1, received no pebble at all. Since we
need 2d pebbles to optimally pebble G1, we need at least 2(2d) pebbles to optimally pebble H because it takes at least
2d+1 pebbles outside of G1 to move 2d pebbles into G1. This implies fopt(H)2d+1.
Case 2: Suppose in an optimal pebbling distribution of H , every Gi , 1 i2d + 1, receives at least a pebble. If
fopt(H) = 2d+1 − 1, then three copies of G, say G1, G2, and G3 receive exactly one pebble each. To see this, observe
that after placing one pebble at each Gi there are (2d+1 −1)− (2d +1)=2d −2 pebbles left over. If we place a second
pebble on each of the 2d + 1 copies, this leaves three copies of G with exactly one pebble each.
Since fopt(G1)= 2d , we need to move 2d − 1 pebbles from G2, . . . ,G2d+1. Since G2 and G3 have only one pebble
each we could only move 12 (2
d+1 − 4) = 2d − 2 pebbles from G4, . . . ,G2d+1 to G1. This contradicts the assumption
that fopt(H) = 2d+1 − 1. Hence, fopt(H)2d+1. This completes the proof. 
Remark 2.4. Using the bound for fopt(G) from [1] we can state that if G is a graph of diameter d on n vertices then
fopt(G) min{2d , 2n/3	}.
3. The optimal pebbling number of graphs of diameter two
From Section 2 we know that if G is a graph of diameter two on n vertices (n3), 2fopt(G)4. We characterize
graphs of diameter two that have optimal pebbling numbers equal to two, three, or four. Note that fopt(P2) = 2 and
fopt(C5) = 4, where C5 is a cycle on ﬁve vertices.
Proposition 3.1. Let G be a graph of diameter two on n vertices. Then, fopt(G)=2 if and only if there is a dominating
vertex v ∈ V .
Proof. If N [v] = V , then placing two pebbles at v pebbles G. If no vertex of V is dominating then there is a vertex u
that is not pebbleable by placing two pebbles at vertex v. Hence, fopt(G) in this case is greater than two. 
Proposition 3.2. LetG be a graph of diameter two onn vertices. Then,fopt(G)=3 if and only if the smallest dominating
set of G is a pair of adjacent vertices.
Proof. If e = uv such that the vertices u and v are dominating, then by placing two pebbles at u and one pebble at v,
G is pebbleable. Since fopt(G) = 3, by Proposition 3.1, it follows that there does not exist a dominating set consisting
of two adjacent vertices. Then for each edge e = uv there is a vertex w such that d(u,w) = d(v,w) = 2. Then placing
pebbles in a 2-1 conﬁguration on uv does not pebble w. Hence fopt(G) is greater than three. 
Lemma 3.3. Let G be a graph of diameter two on n vertices. Then, fopt(G) = 4 if and only if there is no dominating
set consisting of a single vertex or two adjacent vertices.
Proof. Follows from Propositions 3.1, 3.2, and Remark 2.4. 
4. The optimal pebbling number of graphs of diameter three
Let G be a graph of diameter three on n vertices. In Section 2 we showed that 3fopt(G)8. In the following
lemmas we characterize graphs of diameter three whose optimal pebbling numbers are three, four, ﬁve, six, seven or
eight. Note that fopt(P3) = 3 and fopt(G) = 8 for the graph in Fig. 7.
Lemma 4.1. Let G be a graph of diameter three on n vertices. Suppose there exists a vertex in V with eccentricity
equal to two. Then one of the following must hold:
(a) fopt(G) = 3 if and only if there exist a dominating set consisting of two adjacent vertices (Fig. 1), or
(b) fopt(G) = 4 if and only if there exist a vertex w such that D2[w] = V and there is no dominating set consisting of
a pair of adjacent vertices(Fig. 2).
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Fig. 1. Illustrates Lemma 4.1(a), fopt(G) = 3.
4    v
Fig. 2. Illustrates Lemma 4.1(b), fopt(G) = 4.
u v
Fig. 3. Illustrates Lemma 4.2(a), fopt(G) = 4.
Proof. Suppose w is a vertex of eccentricity two. Then by placing four pebbles at w we can pebble every vertex of G.
Hence, fopt(G) is at most four. The proof of (a) is similar to that of Proposition 3.2.
(b) If G satisﬁes the conditions, then G is pebbleable by placing four pebbles at w. The converse direction follows
from (a) and the assumption that there is a vertex in G of eccentricity two. 
Lemma 4.2. Let G be a graph of diameter three on n vertices. Suppose every vertex in V has eccentricity equal to
three. Then one of the following must hold:
(a) fopt(G)=4 if and only if there exists a dominating set consisting of exactly two vertices u and v such that d(u, v)=3
(Fig. 3).
(b) fopt(G)= 5 if and only if either (i) there exist vertices u and v with d(u, v)= 2 such that every vertex in V \D2[u]
belongs to N(v) or (ii) there exists an edge uv and a vertex w /∈N [uv] with d(w, u)= d(w, v)= 3 such that every
vertex in V \N [uv] is in N [w](Fig. 4).




















Fig. 6. Illustrates Lemma 4.2(d), fopt(G) = 7.
(c) fopt(G)=6 if and only if either (i) there exist vertices u, v, and w such that d(u, v)=d(u,w)=2 and every vertex
in V \D2[u] is in N(v)∪N(w) or (ii) there exist edges u1u2 and v1v2 such that N [u1u2] and N [v1v2] are disjoint
sets, and V = N [u1u2] ∪ N [v1v2] (Fig. 5).
(d) fopt(G) = 7 if and only if there exist vertices u, v1, v2, v3 such that d(u, v1) = d(u, v2) = d(u, v3) = 3 and every
vertex in V \D2[u] is in N(v1) ∪ N(v2) ∪ N(v3) (Fig. 6).
(e) fopt(G) = 8 if and only if the conditions stated in (a), (b), (c), and (d) fail (Fig. 7).





Fig. 7. Illustrates Lemma 4.2(e), fopt(G) = 8.
Proof. Since every vertex has eccentricity equal to three, it follows that fopt(G)4.
(a) If G satisﬁes the conditions then G is pebbleable by placing two pebbles each at u and v. To prove the converse
note that G is not pebbleable using a conﬁguration of 2-1-1 pebbles on a path P = xwy because every vertex has
eccentricity three. To see this, let y ∈ V (G) such that d(w, y)= 3 and note that the 2-1-1 conﬁguration of pebbles
on P = xwz does not allow y to be pebbled, as it only allows pebbles to move to vertices that are either distance
one or distance two from w. Furthermore, y must exist since w has eccentricity three. This is the optimal way to
place a conﬁguration of 2-1-1 pebbles to get a non-optimal conﬁguration because placing three pebbles on a single
vertex is never optimal. Hence, the optimal conﬁguration of four pebbles is achieved by placing two pebbles each
on two vertices u and v, such that N [u] ∪ N [v] = V and d(u, v) = 3.
(b) If condition (i) is satisﬁed then G is pebbleable by placing four pebbles at u and one pebble at v. If condition (ii)
is satisﬁed then G is pebbleable by placing two pebbles at each u and w and one pebble at v. For the converse
direction, taking into account part (a), it is enough to consider the cases of placing four pebbles at a vertex or placing
three pebbles in a 2-1 conﬁguration on an edge. In the ﬁrst case, because every vertex has eccentricity three, G
is not pebbleable by placing four pebbles at any vertex in G. Note that four pebbles at u will pebble D2[u] and
that a conﬁguration of 4-1 pebbles on an edge is not optimal. Therefore, there must be a vertex v in D2[u] with
d(u, v) = 2 such that all vertices of distance three from u must be in N(v) to ensure fopt(G) = 5. In the second
case, since every vertex has eccentricity three, N [uv] = V and a 2-1 conﬁguration on the edge uv will pebble
N [uv]. Hence, the vertices at distance of at least two from both u and v must be adjacent to a vertex w which is at
distance three from both u and v to ensure fopt(G) = 5. Note that if w is at distance two from either u or v then
condition (b)i will be satisﬁed.
(c) If the condition (i) is satisﬁed then G is pebbleable by placing four pebbles at u and one pebble each at v and w. If
condition (ii) is satisﬁed then G is pebbleable by placing a conﬁguration of 2-1 pebbles at each edge. To prove the
converse, as in case (b), it is enough to consider the two cases of placing four pebbles at a vertex or three pebbles
in a 2-1 conﬁguration on an edge. Using reasons similar to (b) G is pebbleable either with a 4-1-1 conﬁguration as
described or with a 2-1-2-1 conﬁguration as described.
(d) If the condition is satisﬁed then G is pebbleable by placing four pebbles at u and one pebble each at v1, v2, and
v3. Since placing four pebbles at a vertex u covers D2[u], it is a better conﬁguration to consider when optimally
pebbling G with seven pebbles, than a 2-1-1 conﬁguration. Since G is of diameter three it is not possible to write
V as a disjoint union of D2[u] and N [vw] for some vertex u and an edge vw. Therefore, a 2-1 conﬁguration at
an edge and four pebbles at another vertex is not an optimal conﬁguration for G. Hence, fopt(G) = 7 implies the
stated condition of (d).
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(e) fopt(G) = 8 when the conditions of (a), (b), (c), and (d) fail. One such example is the graph in Fig. 7 which is
pebbleable by placing four pebbles at u and placing a pebble at each v1, v2, v3, and v4, or by simply placing eight
pebbles at any vertex in V . 
Remark 4.3. The proof of Theorem 2.3 gives a construction of a graph G of diameter three whose optimal pebbling
number is 23 = 8. Fig. 7 provides an example on 30 vertices, which is much less than what the construction provides.
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